We investigate the 1/Q 2 power-suppressed corrections to structure functions in the flavour-singlet channel of deep inelastic lepton scattering arising from renormalon insertions into an initial-state gluon, as obtained using the dispersive approach. The pinch-technique is used as a convenient tool in the separation of contributions.
Introduction
We have learned much about the strong interaction of particle physics from deep inelastic scattering (DIS) experiments over many years. This process is continuing, with present and future experiments generating more data over larger regions of phase space.
Alongside this ongoing experimental work, theoretical developments continue to be made. QCD, the established theory of strong interactions, continues to pose challenges: perturbation theory has been relatively successful at high energies, but the series expansion even here is at best asymptotic. In the non-perturbative régime lattice techniques are making advances. Yet a clean distinction between 'perturbative' and 'non-perturbative' cannot be made: all QCD observables involve some interplay between them.
Although the structure functions (for example) cannot be calculated using perturbative QCD, the general shape of their asymptotic Q 2 behaviour is well known: the observed Bjorken scaling at high Q 2 is violated by additional smaller terms. The dominant scaling violation is a logarithmic Q 2 dependence, originating in the scale dependence of the parton density functions of the incident hadron. This can be calculated using perturbative QCD and used to measure the strong coupling α s .
In addition to the logarithmic scaling violations, there are known to be contributions behaving as inverse powers of the hard scale, i.e. as 1/Q n . These include both corrections due to the non-zero hadron mass M, which are suppressed by a factor M 2 /Q 2 , and non-perturbative power-suppressed terms arising from higher-twist operators in the operator product expansion. Such contributions are not included in fixed-order perturbative calculations, yet they are known to be important over the wide Q 2 range of available data. Over a number of years the higher-twist power-suppressed terms of a wide variety of observables have been estimated using two related approaches, the 'renormalon' (see [1] for a review) and 'dispersive' [2] models, although it is the dispersive approach that is used here. If we consider graphs with an arbitrary number of loop insertions in a gluon propagator, we assume that we can reconstruct a well-defined effective strong coupling at the scale of the gluon virtuality. The difference between this 'true' coupling and that reconstructed using fixed order perturbation theory gives rise to non-perturbative corrections, which are typically power-behaved. For a given observable, the shape of the leading correction can be found; an estimation of its magnitude requires the additional assumption of universality. Thus, starting from perturbative QCD, we aim to investigate the transition to the nonperturbative region.
These approaches have been applied to various QCD observables, with the assumption of universality approximately holding [3] . In flavour non-singlet DIS there are results for structure functions [4, 5] , fragmentation functions [6] and event shape variables [7] , while studies have been made of power corrections to structure functions [8, 9] and fragmentation functions [10] in the flavour singlet channel.
The flavour singlet contribution to DIS is that involving the interaction of the gluons within the hadron. (We do not study the fermionic singlet, arising from the total sum of quark distributions, since these behave just like the non-singlet contribution [4, 5] .) Power corrections are calculated using the renormalon or dispersive models by making insertions into the gluon propagators as shown in figure 1. Here the lower part of the diagram represents the finding of a virtual gluon within the proton, and the upper part represents photon-gluon fusion.
In the normal perturbative treatment of DIS, the asymptotic freedom of QCD enables us to treat the initial-state partons as free particles confined within the nucleon; so in a singlet calculation we would start with a free gluon and convolute the perturbative result with the gluon distribution function g(x). We cannot however do this in a calculation of power corrections, since the models we use consider modifications to the gluon propagator (loop insertions in the renormalon model, or, equivalently, a 'mass' in the dispersive approach). We therefore consider the initial-state gluon to be generated by some perturbative mechanism, the simplest of which is by radiation from an on-shell parton. We immediately encounter a very serious problem: if the gluon is not on shell, both the upper and lower parts of this diagram are gauge-dependent. Gauge independence is achieved only when we include all the elements of some subset of diagrams of a given order in α s , and this includes diagrams that cannot be separated into the two halves of figure 1: diagrams which do not have analogous gluon propagators in which to make insertions or from which to take a scale for the running coupling. This is precisely the same problem encountered in the two-loop calculations of power corrections to event shapes in e + e − annihilation, as discussed in [11] , except that the gluon is now in a different channel. We might thus expect a similar solution: namely, the use of the pinch technique [12] to generate the running coupling at the scale of the gluon virtuality [13] in squared diagrams with two exchanged gluons, and the remainder of diagrams contributing to the power correction via some as-yet unknown mechanism.
The first studies [8, 9, 10] of these non-singlet quantities considered the incoming virtual gluon to be radiated from a quark line, as in figure 2 . This is the simplest case, since the lower half of the diagram is gauge independent, as is the upper half to leading order, O(α s ).
There is however another problem to be overcome, concerning the interpretation of the lower half of the diagram. We may try to recover the singlet contribution to the power corrections by deconvoluting the full result with the quark-to-gluon splitting function, (this is the approach taken in [8] ), or we may leave the result as it is and interpret it as a genuine second-order contribution. These two interpretations give very different predictions for the ) that the latter approach should be adopted. In section 2 we discuss the flavour singlet contribution to deep inelastic scattering. The dispersive approach to power corrections is then briefly reviewed in section 3. Section 4 examines in detail the virtual gluon production represented by the bottom half of figure  1 , and the application of the pinch technique to this, while in section 5 we calculate the contribution to the structure functions from photon-gluon fusion. Section 6 investigates the distribution of virtual gluons in the proton, paying particular attention to the 1/Q 2 power corrections. Finally a summary is given in section 7.
Flavour singlet DIS
Consider the deep inelastic scattering of a lepton with 4-momentum l from a hadron with 4-momentum P , as shown in figure 3 . If the momentum transfer is q, the usual kinematic variables are Q 2 = −q 2 , the Bjorken variable x = Q 2 /2P · q, and y = P · q/P · l ≃ Q 2 /xs, where s is the square of the energy in the c.m. frame.
Then the differential cross section is
where
are the transverse and longitudinal structure functions, which also have a weak Q 2 dependence which we do not show explicitly. (For simplicity we are neglecting any contribution from weak interactions, i.e. Z 0 or W ± exchange.) We can consider the photon to interact with an asymptotically free parton, moving collinearly with the hadron with momentum
. Then in the parton 
where q(x) andq(x) are the quark and antiquark distributions in the target hadron. Thus at this level there is no contribution arising from the gluon distribution in the hadron.
The O(α s ) contributions are most easily given as the distribution in the final-state variable η = P · r/P · q, (0 ≤ η ≤ 1):
where g(x) is the gluon distribution in the target hadron, C F = 4/3, T R = 1/2 and the coefficient functions C i,j (ξ, η) [14] are
An integration over the entire range of η from 0 to 1 requires the implementation of a factorisation scheme to regulate the collinear divergences. In our calculations this will be effected by the introduction of a small gluon 'mass'. In addition the coefficient functions C i,q (ξ, η) acquire contributions at η = 1 from virtual gluon emission. We are interested in the singlet contributions C i,g (ξ, η), corresponding to photon-gluon fusion; the 1/Q 2 power corrections from the non-singlet components C i,q (ξ, η) were successfully analysed in [4, 5] .
The dispersive approach to power corrections
We assume that the QCD running coupling α s (k 2 ) can be defined for all positive k 2 , and that apart from a branch cut along the negative real axis there are no singularities in the complex plane. It follows that we may write the formal dispersion relation:
where the 'spectral function' ρ s represents the discontinuity across the cut:
To lowest order in perturbation theory we have ρ s (µ
Non-perturbative effects at long distances are expected to give rise to a non-perturbative modification to the perturbatively-calculated strong coupling at low scales,
is the perturbatively-calculated running coupling [2] . Note that here α PT s (µ 2 ) refers only to the contribution to the running coupling from a fixed (next-to-leading) order perturbative calculation, and so is itself well-behaved down to low scales, without any divergences: the Landau pole appears when we include an arbitrary number of loop insertions in the propagator. Hence δα s (µ 2 ) is assumed to be well-defined for all positive µ 2 . We now consider the calculation of some observable F in an improved approximation which takes into account fixed-order contributions plus those higher-order terms that lead to the running of α s . As is well documented, for processes involving a single gluon, it is required to calculate the relevant contributions as though the gluon had a small mass µ 2 = ǫQ 2 . Calculations of power corrections in e + e − annihilation, in non-singlet DIS, and in the Drell-Yan process, use a single such gluon. In these cases the 1/Q n corrections are found to be proportional to
Numerical values for these parameters must be obtained from data: fits of the 1/Q 2 corrections to DIS structure functions suggest that A 2 ≃ 0.2 GeV 2 [4] . However, DIS in the singlet channel involves two such gluons. Both gluons have an associated dispersive variable, so we obtain a characteristic function F (ǫ 1 , ǫ 2 ), where
2 , which is simply the observable F calculated as though the gluons had masses µ 1 and µ 2 , and without any factors of α s .
Since both gluons are constrained to have the same 4-momentum s, we can simplify this to require only one dispersive variable. By defining ρ = −s 2 /Q 2 , we see that the dependence of the characteristic function F on ǫ 1 and ǫ 2 is given by
where the integration limits and the function f depend on the particular calculation. This may be re-expressed in the form
So it is sufficient to perform the calculation with one 'mass' set equal to zero, the other giving us the form of the characteristic function. The alternative expression
shows how this relates to the slightly different definition ofF found in [9, 10] . In these references it is shown that a characteristic function of the form (3.5) leads to a non-perturbative correction to the observable F given by
where, using Cauchy's theorem,
(Another method of arriving at (3.8) in this particular case is simply to insert the running coupling α s (−s 2 ) into the matrix element before integrating.) Since δα s (µ 2 ) is small in the perturbative régime, and vanishes as µ 2 → ∞, the correction (3.8) depends on the behaviour ofF at small ǫ. So we perform an expansion of this function about ǫ = 0.
Any divergent term inF (ǫ) is subtracted off. These are the terms causing the running of parton distributions, which gives rise to logarithmic scaling violations: the gluon mass here behaves as a regulator.
The remaining terms, which vanish as ǫ → 0, give power corrections. We will find the dominant terms to be:F
where the non-perturbative parameters D 1 and D 2 are defined by:
While we expect the form of α s (µ 2 ), and hence D 1 and D 2 , to be universal, we have as yet no numerical values for them. It will be necessary therefore to extract values for D 1 and D 2 , either from experimental results or from some model of the form of α s (µ 2 ).
Production of the gluon 4.1 Gluon kinematics and polarisations
Let us consider the radiation of a virtual gluon with 4-momentum s from a massless parton with 4-momentum p, as shown for the case of a quark in figure 2. The parton model assumption is p = xP/ξ, where P is the 4-momentum of the incoming hadron. Since the gluon is virtual, it need not be collinear with the proton, nor need it be transversely polarised.
We describe the kinematics by three additional variables, ω and ξ ′ defined by
and θ the azimuthal angle in the Breit frame. Then the relevant 4-momenta are, in the Breit frame,
(4.6)
The gluon is therefore produced with three degrees of freedom: ξ ′ determines the longitudinal momentum fraction x/ξ ′ of the gluon, ω is proportional to the gluon's virtuality, and θ gives its azimuthal angle. If we are concerned only with the produced gluon, and not with the parton that emitted it, then ξ is also free. Note that in the limit ω → 0, the gluon 4-momentum s becomes xP/ξ ′ , the usual parton model result, independent of ξ and θ. This limit gives the standard photon-gluon fusion contribution to the observable under consideration. However in section 3 we saw that it is terms of higher order in ρ that generate power corrections: the transverse momentum of the gluon is crucially important. Consequently we might like the gluon to have a 4-dimensional 4-momentum distribution within the proton: this will be discussed in section 6.
With these definitions, the integration measure for the splitting becomes
Let us also introduce polarisation vectors ǫ µ i , (i = 1, 2, 3), for the radiated gluon. We must choose the ǫ µ i to satisfy s · ǫ i = 0 and ǫ i · ǫ j = −δ ij . Then we have the identity
For those contributions to figure 1 where both the top and bottom halves are gaugeindependent (such as the lowest-order contribution to figure 2), we can use (4.9) to replace the gluon propagators with sums over polarisation vectors, thereby detaching the top and bottom halves of the diagram. Where it is not gauge independent, this gives the contribution in Landau gauge. For the purpose of later discussion, let us introduce two such sets of polarisation vectors. Firstly, let us define the 'natural' polarisation vectors ǫ i by imposing q·ǫ 2 = q·ǫ 3 = p·ǫ 3 = 0. Then the identity (4.9) gives us
and ǫ 3 is orthogonal to the vector space spanned by s, q and p. The vectors ǫ 2 and ǫ 3 are both orthogonal to q, and so are the transverse polarisation vectors in frames in which s and q are (anti-)parallel, and thus in all physical frames. Also, since s is spacelike, the longitudinal polarisation vector ǫ 1 is timelike. (The factor i in the expression for ǫ 1 then causes the identity (4.9) to hold as written; we could alternatively have introduced a factor −1 in the sum over polarisation vectors.)
These are the natural polarisation vectors because ǫ 1 is longitudinal and ǫ 2 and ǫ 3 are transverse: they are thus the polarisation vectors that should be used when considering parton splitting, and the splitting functions arise naturally from their use.
Secondly, let us define the 'diagonal' basis of polarisation vectorsǫ i by imposing p ·ǫ 2 = p ·ǫ 3 = q ·ǫ 3 = 0. It will be seen below that this is the basis that diagonalises the matrix describing gluon production, and is formed by mixing ǫ µ 1 and ǫ µ 2 to give the new basis vectorsǫ
The disadvantage of this basis is thatǫ 1 andǫ 2 are neither transverse nor longitudinal, and therefore are not suitable for a discussion of parton splitting or of splitting functions. The use of this basis will be denoted by a tilde on appropriate symbols.
Radiation from quark line
The matrix element for the process shown in figure 2 , integrated using the measure (4.8), gives the following parton-level contribution to some observable F :
12) where F ij is the contribution due to photon-gluon fusion with the appropriate gluon polarisations.
Using the natural basis (4.10), we find
Several comments may be made about this matrix:
(i) The elements on the diagonal correspond to the exchange of a gluon with definite polarisation; the two off-diagonal elements give rise to an interference term between the longitudinal and one of the transverse polarisations.
(ii) The usual q → g splitting function can be recovered from the total transverse piece M
The standard factorised expression for the leading (logarithmic) divergence arises from the fact that as ω → 0,
and F 21 all become subleading and (for an unpolarised observable) F 22 and F 33 become equal and functions of ξ ′ only. Thus the leading logarithmic divergence in F is
where C g represents the contribution from a transversely-polarised initial-state gluon.
This however applies only to the leading divergence: other pieces, in particular those non-divergent pieces generating power corrections, do not factorise in this way. In general, the functions F ij have dependence on ξ and θ as well as ω and ξ ′ , i.e. for the purposes of higher twist contributions the gluon 'remembers' the momentum fraction of the particle that emitted it.
(iii) The matrix M q ij has zero determinant, and hence has a zero eigenvalue. The other two eigenvalues are both equal to (1 − ω)z/2. It is diagonalised if we use the diagonal basis (4.11), in which case the decomposition (4.12) simplifies considerably to:
In other words, only two gluon polarisations,ǫ µ 2 andǫ µ 3 , are permitted, but they are not the transverse polarisations assumed in the parton model. Since this basis fails to make apparent the form of the leading divergence and does not naturally give rise to the splitting function, it is clear that any attempt to remove the initial quark line from the power corrections calculated in [9] and [10] cannot be simply a matter, as with the logarithmic divergences, of deconvoluting with the quark to gluon splitting function. Also, since all the elements of (4.14) contribute to the power correction we would need to be able to include the unphysical polarisations in the gluon distribution.
Radiation from gluon line
The radiation of the virtual gluon from a gluon line is shown in figure 4 . This diagram is gauge-dependent, and while its logarithmically divergent piece is gauge-independent and given by the g → g splitting function, the remainder of the diagram, and in particular the pieces generating power corrections, are not. The matrix element for the process shown in figure 4 , integrated using (4.8) and using the natural basis of polarisation vectors (4.10), gives the following contribution to the observable F :
To compare with the quark case, several comments should be made:
(i) The terms of O(ω) are gauge-dependent, and therefore of not much use until we can isolate pieces of other diagrams to give a gauge-invariant total. The pinch technique (see next section) succeeds in giving a gauge-invariant result, but at the expense of changing this leading order matrix.
(ii) Again there are on-diagonal elements corresponding to exchange of a gluon of definite polarisation, and off-diagonal elements giving interferences. In fact all six off-diagonal 
Thus the leading divergence is the well-known result
(iv) The matrix M g ij diverges at z = 1, i.e. when ξ ′ = ξ. This is due to the gluon with momentum p ′ becoming soft, and the divergence is cancelled by virtual corrections.
Use of the pinch technique
When we considered the diagram in figure 4 , we found that the terms giving rise to power corrections (i.e. the terms in the integrand of (4.18) that do not diverge as ω → 0) are gauge-dependent. We must consequently include pieces of other diagrams to restore gauge invariance. We could add in all O(α 2 s ) diagrams that contribute to the process γ * g → qqg, as in 'Milan factor' calculations for event shape variables (see [11] ), but that would force us to include diagrams unlike that of figure 1: it is not clear what relation (if any) these diagrams have to the scale chosen for the running coupling.
First we notice that figure 4 is related by crossing to the e + e − annihilation diagram shown in figure 5 . So, just as in e + e − annihilation in [11] , we can apply the pinch technique to the diagram to define a gauge-invariant contribution. But while the pinch technique has previously been applied to internal gluon loops [13] and cut loops containing outgoing partons [11] , it is now being applied to a cut loop where one of the particles is incoming and the other outgoing. This difference is irrelevant since the algebra is identical. The matrix element for figure 5, on applying the pinch technique, is given in equation (A.9) of [11] : in our notation it may be written
where F ij is the contribution from the shaded blob. Using the crossing relation and integrating using (4.8), we obtain the following form for the observable F :
(4.23) Note that this differs from the incoming quark case only by having a different constant multiplying δ ij . In fact the only linearly independent terms allowed inside the square bracket, consistent with gauge invariance and having the correct dimensions, are the two shown. This was also seen in the e + e − annihilation calculation of [11] . Using the natural basis (4.10), we find
As previously, there are several comments to be made:
(i) Although this matrix is gauge invariant, it does not reduce to (4.19) in the limit ω → 0. One consequence of this is that the g → g splitting function is no longer trivially recovered from the total transverse piece M g 22 + M g 33 in the limit ω → 0:
where the usual splitting function is
The additional piece arises from the fact that the pinch part of the diagram was removed (or alternatively that the pinch parts of other diagrams were added) in order to secure gauge invariance. This can be understood as follows: the factor 1/(1 − z) in the splitting function can only arise from the collinear limit of the gauge-dependent piece (n · p)/(n · p ′ ) in the sum over polarisations of the p ′ gluon in figure 4 . In order to achieve gauge invariance we must add or remove terms so as to cancel all n-dependence, not just in the collinear limit but identically for all p and p ′ , and so terms with the factor 1/(1 − z) must necessarily disappear.
This happens even though the remaining diagrams themselves have no logarithmic divergence associated with the gluon splitting (although of course they may have divergences arising elsewhere): applying the pinch technique separates the diagrams into a pinch part and a remainder, which have equal and opposite logarithmically divergent pieces. Thus this is not a sensible way to study splitting functions. Also, since the only two linearly-independent gauge-invariant terms with the correct dimension are those in (4.23), and no linear combination of these can reproduce the splitting function, we see that we cannot have a fully gauge invariant expression for the splitting g → g+g * (with some suitable definition for what is meant by g * , e.g. use of pinch technique) while retaining the full splitting function.
We also notice that the contribution (4.26) is no longer invariant under z → 1 − z: this is because the two daughters of the splitting are no longer identical, one being a real on-shell gluon and the other a virtual gluon with a modified propagator.
(ii) The difference between the production matrix employing the pinch technique and that using standard perturbation theory is
(where O(ω) terms are gauge-dependent). This is the contribution that gives the additions to the splitting function. It becomes zero as z → 0, which is as the interacting virtual gluon becomes soft.
(iii) As in the quark and conventional gluon cases, there are both on-and off-diagonal elements. Now, however, the matrix M g ij is diagonalised using the diagonal basis (4.11), just as in the case where the emission is from a quark line. (Indeed one can trivially see that any linear combination of the two terms in (4.23) is diagonalised using this basis.) One eigenvalue is 3(1−ω)z/2, and the other two are both 2(1−ω)z. Then the decomposition (4.23) simplifies considerably to:
Structure functions
Consider now the part of the process involving the interaction of the virtual gluon within the proton with the virtual photon. This is the process shown in diagram 3, which corresponds to the quantities F ij above.
Working in the Breit frame, the 4-momentum of the incoming photon and gluon are given by (4.2) and (4.4); in this part of the process the variables ξ ′ , ω and θ are considered fixed. Let us introduce the variables η = P · r/P · q,η = P · k/P · q , χ the azimuthal angle between r and s, andχ the azimuthal angle between k and s. The kinematics are then given by:
The definitions of η andη along with the on-shell conditions for the outgoing particles require that
whence conservation of the 0th and 3rd components of 4-momentum give the conditions
while conservation of transverse momentum requires that s ⊥ , z ⊥ andz ⊥ satisfy the triangle inequalities
An additional variable, β, is required to parametrise the permitted values of z ⊥ andz ⊥ . Let us choose to write:
Given s ⊥ , z ⊥ andz ⊥ , the angles χ andχ are determined up to a sign. We may then choose η and β as the independent variables, with phase space
(5.12)
To integrate the matrix elements we apply the operator
Integrating with respect to k and making substitutions for r gives 14) where A and B do not depend on χ.
Next we integrate over χ. There are two values satisfying the integration condition, and they differ by a sign. This gives
Applying the parametrisation in terms of β, we find that
and therefore the integral operator for the photon-gluon fusion is
We calculate the quantities C ij (ξ, ξ ′ , ω) as defined by
where the sum over q ′ represents the outgoing quark-antiquark flavours. We first perform the θ integral: the contributions to F L have no θ-dependence, while the contributions to F T have terms proportional to cos θ and cos 2 θ. Then the integration over β can be performed by writing t = tan(β/2), and that over η by carefully expanding in powers of ω = ρξ ′ 2 as described in [9] . We obtain, for the longitudinal structure function,
Hence in the limit ω → 0 we recover the well-known results
For the transverse structure function we obtain
As ω → 0 the pieces C
22
T and C
33
T diverge logarithmically: this is the piece associated with the collinear splitting of the gluon into a quark-antiquark pair.
Power corrections
We noted above that the interaction of the produced virtual gluon is given independently of the production mechanism by the function F ij (ξ, ξ ′ , ω, θ), where i and j represent polarisations and ξ, ξ ′ , ω and θ parametrise the gluon's 4-momentum. In general, calculations of power corrections will depend on all four of these quantities.
Thus a natural and intuitive way to combine this with a gluon distribution function might be to write
where g ij (x/ξ ′ , ω, ξ/ξ ′ ) is the relevant gluon distribution function which by symmetry does not depend on θ. Of course this needs to be treated with some care, since both halves of the diagram in figure 1 are gauge-dependent and so therefore are all these distributions when the gluon is off-shell, i.e. ω = 0. Nevertheless, we can still make progress: we present an intuitive argument that, although mathematically not totally rigorous, is helpful in understanding the underlying physics.
For the diagonal elements we can view this probabilistically: the expected number of gluons of polarisation i in an element of parameter space du dω dz at (u, ω, z), where u = x/ξ ′ is the longitudinal momentum fraction of the proton carried by the gluon, and z = ξ/ξ ′ , is:
This is intended to be schematic only 2 -clearly any gluon not collinear with the proton, i.e. with ω = 0, will experience the confining effect of the QCD potential, and so cannot exist for more than a short time (where 'short' in this context means ∼ 1/Λ QCD ). Such particles are not asymptotically free: they can only be resolved at high momentum scales, and it is precisely this resolution of gluons with non-zero transverse momentum that gives rise to the running of the parton distributions. Power corrections are also known to arise from the interactions of gluons with non-zero transverse momentum (see e.g. [15] ), and so are also generated by the resolution of short-lived virtual gluons within the proton. Thus we expect power corrections in singlet DIS to be intimately related to the running of parton distributions.
Consider first the transverse polarisations: these are the physical polarisations. Speaking schematically (i.e. not being too precise about our choice of factorisation scheme), we may view the polarised gluon distribution function g i (u, M 2 ) as representing the gluons with transverse momentum less than M. So
for i = 2, 3, whereω(M 2 ) is the value of ω corresponding to a transverse momentum M 2 . Therefore,
and, using equation (4.6), we obtain
Further, we know from the DGLAP equation that
so for the sake of illustration let us make the simplest consistent assignment for the differential gluon distribution g ii (u,ω, z), which is
Here q tot (u) = q [q(u) +q(u)] is the total quark and antiquark content of the proton. So let us return to (6.1) and define the coefficient function
which is independent of ξ, θ and polarisation i. Let us separate off the piece that generates the collinear divergence by writing
we then obtain the contribution to the observable F from incoming transversely-polarised gluons as:
The first term on the right hand side of (6.11) is simply the standard contribution to photon-gluon fusion, evaluated with an on-shell initial gluon and convoluted with the gluon distribution g(x) = 3 i=2 g i (x). This contains logarithmic scaling violations given by the running of the gluon distribution, but contains no power corrections associated with the virtuality of this gluon.
The second term gives us the required power corrections, since this is the term with an integral over the gluon's virtuality. Let us now substitute the differential gluon distribution with expression (6.7), thus obtaining
Although the above argument has been restricted to the contributions from transverse polarisations, and even these have been treated only schematically, we are now in a position to be able to see what is happening physically. We have gone round in a big circle: starting with figures 2 and 4, we have detached the lower parts of the diagrams corresponding to gluon production, to give the piece corresponding to photon-gluon fusion. But then in order to convolute with the correct differential gluon distribution within the proton we had to make use of the DGLAP equation, which reintroduced those lower legs of the diagrams. Thus for the purposes of power corrections we find that the lower parts of those diagrams genuinely are important and cannot be removed. This also explains the presence of the longitudinal gluon polarisation: we are not dealing with a real incoming gluon and so we need not be restricted to physical polarisations. Equation (6.12) is intended to be illustrative only -it was not rigorously derived. Yet it is clear that while the leading perturbative contribution to singlet DIS, given by the first term in equation (6.11) , is O(α s ), the 1/Q 2 power corrections as well as the logarithmic scaling violations are O(α Thus the leading singlet power corrections are from the diagrams 2 and 4 as they appear: we have two independent renormalon chains, and the magnitude of the power corrections is given by the quantities D 1 and D 2 of equations (3.12) and (3.13).
The characteristic functionF(ǫ) generating power corrections to structure functions is thus given bŷ
where 14) and the C ij were defined in equation (5.19 ) and calculated in (5.20) to (5.27). The sum over q ′ represents outgoing quark-antiquark flavours in the photon-gluon fusion. We retain terms inF(ǫ) up to O(ǫ) that are non-analytic as ǫ → 0. In order to define a gaugeinvariant quantity with a natural scale for the running coupling, we use the matrix (4.25) evaluated using the pinch technique -the remaining diagrams are also expected to give power corrections, but as in [11] they are expected to have a different structure.
Using (4.13) and (4.24) we find
(2 − 63ξ + 63ξ 2 − 2ξ 3 + 12 log ξ − 27ξ log ξ − 27ξ 2 log ξ + 12ξ 3 log ξ) log ǫ
(17 + 75ξ 2 − 125ξ 3 + 33ξ 5 + 30 log ξ + 75ξ 3 log ξ − 45ξ 5 log ξ)ǫ log ǫ 16) which is the result given in [9] , and
(1 − 99ξ + 99ξ 2 − ξ 3 + 6 log ξ − 27ξ log ξ − 54ξ 2 log ξ + 33ξ 3 log ξ) log ǫ
(17 + 1275ξ 2 − 1475ξ 3 + 183ξ 5 + 30 log ξ + 450ξ 2 log ξ +750ξ 3 log ξ − 270ξ 5 log ξ)ǫ log ǫ
Thus we obtain the 1/Q 2 power corrections to F T (x) and F L (x): those arising from the quark distribution are
and those from the gluon distribution are
Results and conclusions Figure 6 shows the magnitudes K of the 1/Q 2 power corrections to structure functions, given by δF
T (x) is the Born-level result for the transverse structure function given in equation (2.2). These were calculated at Q 2 = 500 GeV 2 , using the corresponding MRST (central gluon) parton distributions [16] , and assuming four flavours of outgoing quark-antiquark pairs. The unknown value of D 2 /e was set to 0.06 GeV 2 , i.e. approximately Λ 2 , although the qualitative behaviour of these power corrections does not change provided we keep D 2 ≪ Q 2 . The dominant contribution to both of these comes from the gluon distribution, as may be expected at these relatively low values of x. All the contributions tend to zero at large x, and become large at small x. The contributions to K T are positive and those to K L negative, but they have similar magnitudes.
The corresponding quantity related to figure 7 . The positive and negative contributions partially cancel, giving a power correction smaller by a factor 3 or 4 than that for F T or F L .
The power corrections are multiplied by the unknown factor D 1 , defined in (3.12). If D 1 is positive, we might expect F T (x) to show a positive 1/Q 2 power correction and F L (x) a negative one. These results are all qualitatively the same as those in [9] , which took into account only the quark contribution, but the inclusion of the gluon contribution increases considerably the size of the correction, in the case of F T by more than an order of magnitude.
Discussion
The calculation of power corrections using the renormalon model or the dispersive approach in flavour singlet DIS is a non-trivial problem, due to the fact that figure 1 as it stands is gauge dependent, both in the upper and lower halves of the diagram. These halves may both be considered to be cut insertions into a single gluon propagator, albeit in another channel, and so the pinch technique can be used to define a natural gaugeinvariant quantity. The diagram 1 evaluated using the pinch technique gives only one gauge-independent part of the full O(α 2 s ) amplitude, and the expectation is that the other parts will also give power corrections, although not taking the form of two renormalon chains with equal 4-momenta.
Power corrections thus arise when a virtual gluon is radiated from a quark or gluon, and this virtual gluon then interacts with the photon. We found that, as well as the physical transverse polarisations, we also have contributions to power corrections from longitudinal polarisations and interference terms. In addition, since the gluon's 4-momentum is not simply some multiple of that of the proton, the contribution from the photon-gluon fusion is a function of all four momentum components. In particular the kinematics of the virtual gluon production are important: where it is radiated from an on-shell parton, the gluon remembers the momentum fraction of the parton that emitted it. This, along with the discussion of the virtual gluon distribution in section 6, indicates that we cannot detach the two halves of figure 1 but rather that the power corrections arise from the full diagram and are thus an O(α 2 s ) effect. Calculations of power corrections to structure functions and fragmentation functions due to gluon radiation by a quark are already published in the literature [8, 9, 10] . However the contributions from radiation by a gluon dominate, because of the relative behaviours of the quark and gluon parton densities. This larger correction was evaluated above for the structure functions. Above x = 0.05 the power corrections to the structure functions are small, but we predict that for x below 0.05 the corrections grow. So the correction to F 2 at x = 0.01 and Q 2 = 4 GeV 2 might be around -2% (assuming a reasonable value of D 1 ≈ 0.1 GeV 2 ). The corrections to F T and F L are expected to be slightly larger. In any case, we do not expect to see the large (∼ 50%) corrections predicted by [8] .
It was seen that the use of the pinch technique lead to a failure to recover the usual g → g splitting function. This is not a problem -the remaining pieces come from the remaining diagrams. All the pinch technique has done is move certain terms from one diagram to another. But the point of using this particular separation of terms is that one can define a gauge-invariant QCD effective charge, so the virtuality of the gluon enters as the natural scale for the coupling; it is not clear that this is the case for the other terms.
Finally, there is clearly some similarity between the situation here and that of a decaying outgoing virtual gluon in e + e − annihilation (figure 5), where we also have two renormalon chains with equal 4-momenta k, for some k. Again we have an integral over the virtuality k 2 , in which the coupling appears as |α s (−k 2 )| 2 . But in that case we use equation (3.2) to convert α 2 s into the spectral function ρ s (k 2 ), and the two chains became one, with a cut bubble insertion. There are two reasons why we cannot do the same here. Firstly, in the e + e − case, the virtual gluon is timelike, k 2 is positive and thus we have ρ s (k 2 ) integrated over positive k 2 . But here the gluon is spacelike, so k 2 is negative, and while it is quite possible to convert the two factors of α s into a single ρ s (k 2 ), it is integrated over negative values of its argument. It is therefore not naturally manipulated into standard single-chain form. Secondly, although the algebra of the Feynman diagrams is identical (i.e. related by crossing), in the e + e − case we can simply integrate over the cut bubble but in DIS we must include parton density functions for the incoming quark or gluon. This makes it quite impossible to integrate out the crossed cut bubble that is the mechanism for production of the virtual gluon. So, while there are interesting and useful parallels between power corrections to singlet DIS and e + e − annihilation with outgoing gluon splitting, there are also significant differences and the relationship between them is not as simple as may naively have been supposed.
